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ABSTRACT 

This paper presents theoretical parametric study of the 

curvature ductility capacity for reinforced concrete column 

sections. The study considers the behavior of concrete and 

reinforcing steel under different strain rates. A computer program 

has been written to compute the curvature ductility taking into 

account the spalling in concrete cover. Strain rate sensitive 

constitutive models of steel and concrete were used for predicting 

the moment-curvature relationship of reinforced concrete 

columns at different rate of straining. The study parameters are 

the yield strength of main reinforcement, yield strength of 

transverse reinforcement, compressive strength of concrete, 

spacing of ties and the axial load. The results indicated that 

higher strain rates improve both the curvature ductility and the 

moment capacity of reinforced concrete column sections. 
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NOTATIONS 

fc'       = concrete cylinder strength. 

fcc',fco'= confined & unconfined concrete compressive strength in 

members.                                                                                                                                                              

fy           =steel yield strength. 

fy'       =dynamic yield strength of steel. 

fu        =static ultimate yield strength of steel. 

fu'       =dynamic ultimate yield strength of steel. 

fyt           =yield strength of transverse reinforcement. 

fLe'     = equivalent uniform lateral pressure. 

fL       = average confinement pressure. 

c       =concrete strain. 

1       =strain corresponding to peak stress of confined concrete. 

01      =strain corresponding to peak stress of unconfined concrete. 

85      =strain corresponding to 85% of peak stress of confined     

concrete. 

085     =strain corresponding to 85% of peak stress of unconfined   

concrete on the descending branch. 

h        =static strain hardening initiation strains of steel. 

h'       =dynamic strain hardening initiation strains of steel. 

u        =static ultimate strains of steel. 
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u'       =dynamic ultimate strains of steel. 

έ         =strain rate ≥ 10-5 

Ec       =modulus of elasticity for concrete. 

Esec     =secant modulus of elasticity for concrete. 

Es       =modulus of elasticity for steel. 

ρc        =total transverse steel area in two orthogonal directions divided 

by corresponding concrete area. 

Asx, Asy=area of one leg of transverse reinforcement in x and y 

directions. 

bcx, bcy=core dimensions measured c/c of perimeter hoop in x and y 

directions. 

m, n    =number of tie legs in x and y directions. 

S         =spacing of transverse reinforcement. 

SL        =spacing of longitudinal reinforcement laterally supported by 

corner of hoop or hook of cross tie. 

 

INTRODUCTION 

    Usually it is desirable to design a reinforced concrete member 

with sufficient curvature ductility capacity to avoid brittle failure 

in flexure and to insure a ductile behavior, especially under 

seismic conditions. The philosophy of seismic design for moment 

resisting reinforced concrete frames is based on the formation of 

plastic hinges at the critical sections of the frame under the effect 

of substantial load reversals in the inelastic range. The ability of 

the plastic hinge to undergo several cycles of inelastic 
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deformation without significant loss in its strength capacity is 

usually assessed in terms of the available ductility of the 

particular reinforced concrete section. 

      The ductility capacity of reinforced concrete sections is 

usually expressed in terms of the curvature ductility ratio (µø=øu/ 

øy) where øy is the curvature of the section at first yield of the 

tensile reinforcement and øu is the maximum curvature 

corresponding to a specific ultimate concrete compression strain.  

      The moment-curvature analysis of the section is usually 

performed under monotonically increasing load which represents 

the first quarter-cycle of the actual hysteretic behavior of the 

plastic hinge rotation under the earthquake loading. Therefore, µø 

of a section calculated under such assumption is a theoretical 

estimate of the actual inherent ductility of the section when 

subjected to an actual earthquake loading. However, the 

theoretical estimation of µø under monotonic loading is widely 

used as an appropriate indicator of the adequacy of earthquake 

resistant design for reinforced concrete members. 

      Soroushian and Sim (1986) [1] used strain rate sensitive 

constitutive models for steel and concrete to predict the axial 

load-axial strain relationship of reinforced concrete rectangular 

columns at different rates of strain. The analysis parameters were 

the yield strength of reinforcement (fy =276, 414, 552 MPa), the 

concrete strength (fc'=20.7, 27.6 MPa), the steel ratio (ρ=0.026, 

0.032, 0.04) and the amounts of hoop reinforcement (ρs=0.01388, 
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0.02082, 0.04164). The results indicated that for the range of 

analysis parameters considered and for the range of strain rates of 

(0.00005/sec - 0.5/sec) the secant axial stiffness increases in the 

range of (16%-36%). Al-Haddad (1995) [2] studied the curvature 

ductility for reinforced concrete beams under strain rates in a 

range of (static, 0.05 and 0.1/sec) for values of (fy =414, 440, 

483, 518 MPa) and reinforcement ratio (ρ=0.003, 0.3). He 

assumed that only the steel reinforcement is a strain rate 

sensitive. The results indicated that for a strain rate of (0.05/sec) 

the curvature ductility ratio was decreased by about (12%) for an 

increase of (34.5 MPa) in fy compared with that under static 

loading. 

 

MATERIAL MODELS OF THE PRESENT STUDY 

Constitutive Concrete Model 

       The concrete constitutive model adopted in the present 

study is that of Razvi & Saatcioglu (1999) [3] which takes into 

account the cross sectional shape and reinforcement 

arrangements, Fig.(1). The effect of the strain rate had been 

accounted for in this model by using the two coefficients (kf, k ) 

as had been derived by Soroushian (1986) [1] on the test results 

basis. 

The ascending part of the proposed curve is represented by: 
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Where: 

                        

Where  fc' in MPa. 

All the parameters are as defined in the notations list. 

The descending part assumes a slope that changes with 

confinement reinforcement and as follows:- 

 

                                                                     

                                                                       

                                                             

                                                                    

 

                                                                              

                                                                                   

 
 

 

 

     

 

 

Figure (2) shows the constitutive model of concrete 

adopted in the present study for two different strain rates as 

compared with the experimental results of Soroushian and Sim [1] 
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also with the models of modified Kent and Park [4] and 

Soroushian [1]. 

 

Constitutive Steel Model 

      Several models were proposed to represent the stress-strain 

relationship of steel reinforcement by using many dynamic tests 

results. The following constitutive model of steel has been 

empirically derived by Parvis Soroushian (1987) [5] from 

dynamic test results on structural steel, reinforcing bars and 

deformed wires for different wires and for different types of 

steel. 
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Figure (3) shows the comparison between the experimental 

(f- ) curve and Parvis Soroushian (1987) [5] constitutive model 

for two different strain rates for steel specimens with yield 

strength of (235 MPa). Based on equations (3-7), table (1) gives 
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the dynamic to static ratios of the yield and ultimate stresses of 

steel and its strain hardening and ultimate stresses of steel and its 

strain hardening and ultimate strains for (fy=307, 345, 414 MPa) 

and for a range of strain rates of (10-5-1)/sec. 

Moment-Curvature Relationship for Concrete Sections 

     The response of reinforced concrete cross section to an 

applied bending moment and an axial force may be adequately 

described by the relation between moment and curvature referred 

to moment-curvature relationship. This relation depends on the 

material and geometrical properties of cross section as well as the 

level of the applied axial force. 

This relationship is established using the following procedure: 

1. The ultimate concrete compressive strain is first computed 

using Bing, Park and Tanka (2001)[6] equation and as 

follows: 

   

Where: 

 fl  =lateral confining stress of transverse reinforcing steel   

fco =compressive strength of unconfined concrete  

=strain at peak stress of unconfined concreteco 

 The concrete spalling strain is limited by (0.004) as 

reported in Ref.[8]. 

2. For a given concrete strain in the extreme compression 

fiber cm and neutral axis depth kd the analysis is 

performed as follows: 
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a) The steel strains ( s1, s2, s3…) can be determined from 

similar triangles of the strain diagram. For example, for 

bar i at depth di the steel strain is: 

  

The steel stresses (fs1, fs2, fs3 …) corresponding to 

strains ( s1, s2, s3…) may be found from the stress-

strain curve for the steel using equations (3). Then 

the steel forces (Ss1, Ss2, Ss3…) may be found from 

the steel stresses and the areas of steel, Fig.(4). For 

example for bar i the force equation is: 

 

 

b) The concrete compressive force Cc is made up of two 

parts, a confined part coming from the core concrete 

confined by the ties, and the unconfined part coming 

from the cover concrete. Each part is analyzed 

separately and both are added to make up the total 

concrete compressive force, Fig.(5). 

3. The force equilibrium equation is: 

 

               

  and the moment equilibrium equation: 
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  Where: 

       Xc=the moment arm of concrete compressive force (Cc). 

      The curvature is given by 

                 

4. The method of establishing these relations is based on 

equilibrium of internal and external forces assuming a 

linear distribution of strain across the depth of section. 

Concrete spalling outside the ties has no contribution in 

internal force calculation at strains more than the 

maximum unconfined value of (0.004). The moment-

curvature curve exhibits a discontinuity at first yield of 

tension steel and has been terminated when external fiber 

compressive concrete strain cm reaches the maximum 

compressive strain cu, Fig.(4). 

Figure (6) shows a comparison between experimental results 

and the present study results. It is obvious that there is a good 

agreement between the analytical model and the test results. 

 

Effect of Parameters on Curvature Ductility  

The reinforced concrete column shown in Figure (6)[8] is 

analyzed and the results presented in Figs. (7-11). Each Figure 

depicts five curves of the moment-curvature relationship. The 

effects of yield strength for main reinforcement, yield strength of 

transverse reinforcement, compressive strength of concrete, 

spacing of ties and axial load on the curvature ductility are 
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studied with different rate of straining i.e, 0.0001/sec (a typical 

quasi-static value), 0.001/sec,0.01/sec and 0.1/sec. 

Table (2) summarizes the results of the curvature ductility for 

different parameters (fy, fyt, fc',S and axial load). The effects of the 

above parameters on µø for reinforced concrete column sections 

are as follows: 

1. For any strain rate, µø increases as fy decreases. Fig.(12-a) 

shows that for a (70 MPa) decrease in fy  the increase in µø 

varies in the range of (6%-7%) for all strain rates except 

for the strain rate of (0.1/sec) for which the change will be 

about (20%). 

2. µø increases slightly as fyt increases. Fig. (12-b) shows that 

for a (70MPa) increase in fyt, there is insignificant 

increasing in µø of (2%) for any strain rate. 

3. µø increases as fc' decreases, Fig. (12-c). For instance for a 

reduction of   (3.45 MPa) in fc' the curvature ductility 

increases by (17%) and by (7%) for the strain rates of 

(0.0001/sec) and (0.1/sec) respectively. 

4. µø is significantly increased when decreasing the axial 

load, Fig. (12-d). For instance decreasing the axial load 

from (0.9 fc'Ag) to (0.1 fc'Ag) the curvature ductility ratio 

increases by about (105%) and (140%) for the strain rates 

of (0.0001/sec) and (0.1/sec) respectively.  

5. It is intuitive to observe the increasing in µø with 

decreasing in spacing of ties, Fig.(12-e). For instance 
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reducing the spacing from (125 mm) to (50 mm) increases 

the curvature ductility ratio by (24%) and by (12%) for the 

strain rates of (0.0001/sec) and (0.1/sec) respectively. 

Effects of Strain Rate  

 Any increase in the rate of loading usually increases both 

the compressive strength of concrete and the yield strength of 

steel, Figs.(2,3). Hence it may be expected that the moment 

capacity of reinforced concrete columns increases with 

increasing in the loading rate. 

   Figures (7-11) present the moment-curvature relationships 

derived analytically under different rates of loading. These rates 

are 0.0001/sec (a typical quasi-static value), 0.001/sec, 0.01/sec 

(typically expected under seismic loads) and 0.1/sec (a typical 

value under impulsive loads) [1]. 

       Table (2) and Fig.(12) show the effect of strain rate on the 

curvature ductility for different parameters, these effect are : 

1. For different yield strength of the main reinforcement 

the curvature ductility factor under the strain rate of 

(0.1/sec) increased an average by about (80%) over 

the curvature ductility under static load, Fig.(12-a). 

2. For different yield strengths of the transverse 

reinforcement the curvature ductility factor under the 

strain rate of (0.1/sec) increased an average by about 

(50%) as compared to the static loading, Fig.(12-b,e). 
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3. For different concrete compressive strengths the average 

increase in curvature ductility under the strain rate of 

(0.1/sec) is about (35%) compared to the static loading, 

Fig.(12-c). 

4. The average increase in curvature ductility under the 

axial force in the range of (0.1 fc'Ag) to (0.9 fc'Ag) is about 

(25%) for the strain rate of (0.1/sec) compared to the 

static load condition for which the strain rate is 

(0.0001/sec), Fig.(12-d). 

  Figs.(7-11) show the effect of strain rate on the moment-

curvature relationships of the column section for different 

analysis parameters. Under an axial load of (0.6 fc'Ag) and for 

different fy, fc', fyt and ties spacing the average increase in 

moment capacity at strain rate of 0.1/sec over the static rate is 

(35%), Figs.(7,8,9 and 11). This increment has been found to 

vary in the range of (20%) to (80%) for the axial loads (0.1 

fc'Ag) and (0.9 fc'Ag) respectively, Fig.(10). 

 CONCLUSIONS 

    Based on the results obtained in the present study, the 

following conclusions can be drawn: 

1. The curvature ductility factor increases as the concrete 

compressive strength decreases, the results show that a 

reduction of   (3.45 MPa) in the concrete compressive strength 

increasing the curvature ductility by (17%) and (7%) for the 

strain rates of (0.0001/sec) and (0.1/sec) respectively. 
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2. The curvature ductility factor increases as the steel yield 

strength decreases, the results show that decreasing (70 MPa) 

in the steel yield strength will increase the curvature ductility 

in the range of (6%-7%)  for all strain rates except for the 

strain rate of (0.1/sec) for which the change will be about 

(20%). 

3. The curvature ductility factor slightly increases as the yield 

strength of the transverse reinforcement increases.  

4. The curvature ductility factor is significantly increased as the 

axial load decreases, the results show that decreasing the axial 

load from (0.9 fc'Ag) to (0.1 fc'Ag) the curvature ductility ratio 

increases by about (105%) and (140%) for the strain rates of 

(0.0001/sec) and (0.1/sec) respectively.  

5. The curvature ductility factor increased by (80%) under the 

strain rate of (0.1/sec) over the static strain rate for different 

yield strengths of the main reinforcement. 

6. The curvature ductility factor increased by (50%) for a strain 

rate of (0.1/sec) as compared to the static loading for different 

yield strengths of the transverse reinforcement. 

7. The average increase in curvature ductility under the axial 

force is about (25%) for the strain rate of (0.1/sec) as 

compared to the static load condition. 
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 Strain-Rate (έ) 1/sec 

10-5 10-4 10-3 10-2 10-1 1 

fy =307 

MPa 
 

fy '/ fy 0.92 1.23 1.29 1.34 1.39 1.44 

fu '/ fu 0.92 0.96 0.99 1.04 1.08 1.12 

h'/ h 0.99 1.31 1.63 1.95 2.27 2.59 

u'/ u 0.99 0.99 0.99 0.99 0.99 1.00 

fy =345 

MPa 
 

fy '/ fy 1.20 1.25 1.29 1.34 1.39 1.44 

fu '/ fu 0.92 0.96 0.99 1.04 1.07 1.11 

h'/ h 0.99 1.26 1.54 1.81 2.08 2.35 

u'/ u 0.99 0.98 0.97 0.97 0.96 0.95 

fy =414 

MPa 
 

fy '/ fy 1.25 1.28 1.32 1.36 1.39 1.43 

fu '/ fu 0.93 0.96 0.99 1.03 1.07 1.10 

h'/ h 0.99 1.18 1.37 1.56 1.74 1.93 

u'/ u 0.99 0.96 0.94 0.91 0.89 0.86 

 

 

 

 

 

 

 

 

 

 

 

 

 

Table (1) Dynamic to Static Ratios of the Yield and 

Ultimate Stresses of Steel and its Strain Hardening and 

Ultimate Strains 
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Strain-Rate (έ) 1/sec 
Stati

c 

fy 

(MPa) 

0.0001 0.001 0.01 0.1  

414 3.75 4.37 5.23 5.76 3.49 

345 4.17 4.92 5.32 6.55 3.51 

276 4.23 5.01 6.13 7.71 3.95 

fyt (MPa) 

414 4.15 4.40 5.27 5.79 3.95 

345 3.86 4.31 5.16 5.68 3.85 

276 3.57 4.16 5.04 5.54 3.48 

fc' (MPa) 

17.24 6.78 6.98 7.33 7.61 6.63 

20.7 6.07 6.47 6.79 7.11 5.93 

24.14 4.98 5.51 6.14 6.68 4.64 

27.6 4.22 4.96 5.59 6.27 3.93 

P/  fc' Ag 

0.1 20.93 22.35 23.20 24.38 19.53 

0.3 10.26 11.79 11.81 11.94 10.07 

0.5 6.38 7.17 7.79 7.81 6.17 

0.7 3.10 3.53 3.74 4.13 2.93 

0.9 0.93 0.94 0.96 0.99 0.91 

S(mm) 

50 5.83 6.31 6.98 7.35 5.69 

75 4.72 5.45 5.98 6.77 4.67 

100 4.06 4.62 5.41 5.89 4.03 

125 3.02 3.78 4.59 5.20 2.93 

 

 

 

 

 

 

 

 

 

 

 

 

 
Figure (1) Strain Rate Modified Stress-Strain Relationship for Concrete 
[1]  

  kf  fcc' 

 0.85 kf  fcc' 

  kf  fco' 

 0.85 kf  fco' 

 0.2 kf  fcc' 

  k 85   k 1    k 20      k  

for Different Strain Rates  ØTable (2) Curvature Ductility µ 

[1]strain relationship for concrete-Strain rate modified stress) 1( Figure 
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Figure (2) Comparison among the Constitutive Models for 

Concrete with Test Results (a) Low strain rate of 0.0000033/sec                                                                                                

                             (b) High strain rate of 0.0167/sec 
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Test                 
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Figure (3) Comparison of Parvis Soroushian (1987) [5] Constitutive Model 

of Steel with Test Results for  fy=235 MPa 

Figure (4) Theoretical Moment Curvature Analysis (a) Steel in tension 

and compression. 

(b) Concrete in compression.  (c) Section with strain, stress, and forces 

distribution. 
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Figure (6) Comparison between Experimental Results and the Present 
[6]Results  tudyS 
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Figure (8) Effect of Strain-Rate on the Moment Curvature Relationship 

for Different Yield Strength of Transverse Reinforcement   fc’=31.8 MPa    

,  fy =400 MPa     , P=0.6 fc’Ag 
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Figure (9) Effect of Strain-Rate on the Moment Curvature Relationship for 

Different Compressive Strength of Concrete fy =400 MPa,  fyt =276 MPa ,P=0.6 

fc’Ag 
 

 

(d) (c) 

(b) 

0 50 100 150 200 250
Curvature (*10E-6 rad/mm)

0

50

100

150

200

250

M
o

m
e

n
t 

(k
N

.m
)

fc'=17.24 MPa

0.1

0.01
0.001

0.0001

Static

Strain-Rate (1/sec)

0 50 100 150 200 250
Curvature (*10E-6 rad/mm)

0

50

100

150

200

250

M
o

m
e

n
t 

(k
N

.m
)

fc'=20.7 MPa

0.1

0.01

0.001

0.0001

Static

Strain-Rate (1/sec)

0 50 100 150 200 250
Curvature (*10E-6 rad/mm)

0

50

100

150

200

250

M
o

m
e

n
t 

(k
N

.m
)

fc'=24.14 MPa

0.1

0.01

0.001

0.0001
Static

Strain-Rate (1/sec)

0 50 100 150 200 250
Curvature (*10E-6 rad/mm)

0

50

100

150

200

250
M

o
m

e
n

t 
(k

N
.m

)

fc'=27.6 MPa

0.1

0.01

0.001

0.0001
Static

Strain-Rate (1/sec)

 

(88-92) 88 



Tikrit Journal of Eng. Sciences / Vol. .13 /No. .2/ June 2006 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

0 100 200 300 400
Curvature (*10E-6 rad/mm)

0

50

100

150

200

M
o

m
e
n

t 
(k

N
.m

)

P=0.1 fc' Ag

0.1
0.01

0.001
0.0001Static

Strain-Rate (1/sec)

P=0.1 fc' Ag

0 100 200 300 400
Curvature (*10E-6 rad/mm)

0

50

100

150

200

M
o

m
e
n

t 
(k

N
.m

)

P=0.3 fc' Ag

0.1

0.01

0.001
0.0001

Static

Strain-Rate (1/sec)

0 100 200 300 400
Curvature (*10E-6 rad/mm)

0

50

100

150

200

M
o

m
e
n

t 
(k

N
.m

)

P=0.5 fc' Ag

0.1

0.01

0.001

0.0001

Static

Strain-Rate (1/sec)

0 100 200 300 400
Curvature (*10E-6 rad/mm)

0

50

100

150

200

M
o

m
e
n

t 
(k

N
.m

)

P=0.7 fc' Ag

0.1

0.01

0.001

0.0001

Static

Strain-Rate (1/sec)

0 100 200 300 400
Curvature (*10E-6 rad/mm)

0

50

100

150

200

M
o

m
e
n

t 
(k

N
.m

)

P=0.9 fc' Ag

0.1

0.01

0.001

0.0001

Static

Strain-Rate (1/sec)

(a) (b) 

(c) (d) 

(e) 

Figure (10) Effect of Strain-Rate on the Moment Curvature Relationship 
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Figure (12) Effect of strain rate on curvature ductility for different:                                                                

(a) Effect of steel yield strength for main reinforcement (fc’=31.8 MPa,  fyt =276 

MPa, P=0.6 fc’Ag,S=108mm) 

(b) Effect of steel yield strength for transverse reinforcement ( fc’=31.8 MPa,  

fy=400 MPa, P=0.6fc’Ag, S=108mm) 

(c) Effect of concrete compressive strength (fy =400 MPa,  fyt =276 MPa, P=0.6 

fc’Ag, S=108mm) 

(d- Effect of axial load (fc’=31.8 MPa,  fy =400 MPa,  fyt =276 MPa, S=108mm) 

(e) Effect of spacing of ties (fc’=31.8 MPa ,  fy =400 MPa ,  fyt =276 MPa , P=0.6 

fc’Ag) 
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نسب  تحت تأثير المسلحة الخرسانيةمطيلية التقوس لمقاطع الأعمدة 
 للانفعالقيم زمنية مختلفة 

 إبراهيمتغريد حسن    د. رعد كريم العزاوي   د. ثامر خضير العزاوي        
 مدرس               مهندس                      أستاذ               

 قسم الهندسة المدنية
 جامعة بغداد -كلية الهندسة

 الخلاصة
الخرسانية  الأعمدةقدم هذا البحث دراسة نظريه لقابلية مطيلية التقوس لمقاطع 

تصكرف ككل مكن الخرسكانة وفكولاذ  الاعتبارالأخذ بنظر  الدراسة. تم في هذه المسلحة
. لحسككا، مطيليككة التقككوس تككم للانفعككالالتسككليح تحككت تكك نير نسكك  قككيم فمنيككة مختلفككة 

الانفصكككككال الحاصكككككل فكككككي مطكككككاء  الاعتبكككككاربيكككككوتر واخكككككذ بنظكككككر كتابكككككة برنكككككام  كوم
لكككل مككن  للانفعككالللمعككدل الزمنككي  متحسسككةالكونكريككت. لقككد تككم اسككتعمال مخططككات 

. المتغيككرات الأعمككدةالفككولاذ والخرسككانة وذلككك لتوقككع علاقككة العككزم مككع التقككوس لمقككاطع 
الرئيسكككي، التكككي اسكككتخدمت فكككي هكككذه الدراسكككة هكككي مقاومكككة الخضكككوع لفكككولاذ التسكككليح 

مقاومكككة الخضكككوع لفكككولاذ التسكككليح التكككانوي، مقاومكككة الانضكككغاط للكونكريكككت، مسكككافات 
أن  إلككىألككارت  الدراسككة، و القككوة المحوريككة. النتككائ  المستحصككلة مككن الأعمككدةروابككك 

تحسككن مككن المقاومككة و قابليككة العككزم لمقككاطع أعمككدة  للانفعككالفيككادة المعككدلات الزمنيككة 
 الكونكريت المسلح.
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  ، الخرسانة المسلحة، المعدل الزمني للانفعال.الأعمدةمطيلية التقوس، 
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